Swine flu is a life threatening respiratory disease which originally spread among pigs. The virus easily mutates and is transmitted within human population through coughing or direct contact with infected person. It is caused by type-A influenza virus of subtypes H1N1, H1N2, H3N1, H3N2 and H2N3. The use of proper medical mask has been widely known to protect the user from incoming virus through respiratory transmission. Here in this paper we construct a compartmental SIR dynamical model for swine flu disease transmission. Intervention of transmission is done with the use of medical mask with given rate in each compartment. The problem is represented as an optimal control problem to obtain the optimal control rates. The equilibrium points and basic reproductive ratio as the epidemic indicator before medical mask intervention have shown analytically. Numerical optimal control results are shown to illustrate the effectiveness of the treatment for various parameter values. It is shown that as long as the worsening effect of medical mask not in a high number, then medical mask intervention will reduce swine flu epidemic significantly.
Introduction
Swine flu which has been recently declared by WHO as a pandemic flu is caused by type-A influenza virus. It has been widely known that mutated strain of swine flu viruses has spread and developed into more harmful strain to human [15] and easily spreads among human through respiratory transmission.
Many mathematical model have been developed to explain the spread of swine flu within human and also in pig populations like in [13, 12, 5] . Authors in [13, 12] developed mathematical model to accommodate different transmission probabilities of swine flu between different type of human risk. Different from [13, 12] , authors in [5] construct a mathematical model with age structure in human population. Many things can be done to control the spread of swine flu, such as vaccination and medication. Mathematical approach is very useful in studying and evaluating the impact of public health control strategies, including mass vaccination [3, 4, 9, 10, 14] .
A mathematical model of swine flu transmission in human population with proper medical mask intervention is discussed in this paper. Intervention with medical mask will be applied as control variable to find the optimal rate of intervention and to minimize the cost function.
Construction of the mathematical model will be discussed in the next section. Mathematical analysis for equilibrium and derivation of the basic reproductive ratio are shown in section 3. In section 4, we formulate the control optimum problem. Numerical simulations and some conclusions are shown section 5 and 6, respectively.
Model Formulation
We adopt an SIR model to construct a mathematical model of swine flu disease transmission in human population. We divide the human population into three compartments, i.e susceptible (S), infectious (I) and recovered and temporarily becoming immune (R). The use of medical mask will be applied to all compartments. Individuals who are using medical mask will be separated in specific compartments, i.e treated susceptible (S t ), treated infectious (I t ) and treated recovered (R t ). The model is represented schematically in the following diagram ( fig. 1) .
Assuming the total population is constant, N = θ μ , with μ is the natural death rate and θ is the recruitment rate. The effective contact rate β is the average number of contacts per day from whole human population that would result in infection. The use of mask in S t , I t and R t compartments will reduce human effective contact rate β by p, with 0 ≤ p ≤ 1. The number p here is the probability of successful incoming and outgoing virus through mask. Infected humans recover at a constant rate . In this model, it is assumed that longer ≤ 1 and a is the worsening coefficient. The immunity after recovery from swine flu is not permanent, therefore there is a drop-out rate from recovered to susceptible compartment. It is also assumed that people who have finished using medical mask are directly moved back to the untreated compartment (S, I, R) with constant rate δ. All parameters should be positive in [0,1], except δ with 0.5 ≤ δ ≤ 2 (It is assume that people use medical mask at least for a half day and maximum for two days).
With the above assumption, the model is described by the following system of differential equations:
In the next section, dynamical analysis of equilibrium points and basic reproductive ratio will be discussed.
Mathematical Analysis
We consider the case when the control function u(t) is constant u. The disease free equilibrium of the system (1) is given by
for {S, S t , I, I t , R, R t }, respectively. This equilibrium point describe the condition where no infected or recovered human appears in population. As we can see in this equilibrium, it can be seen that total population equals to θ μ . The second equilibrium is the endemic equilibrium, the case when all compartments coexist in region. Endemic equilibrium for the system is not in a simple form to be shown explicitly. For special condition, when there is no medical mask used in the model, then the endemic equilibrium is given by
This second equilibrium will be positive if and only if (1) represents the expected numbers of secondary cases of infection per primary case of infection in a virgin population during the infectious period of the primary case [7, 11] . The basic reproductive ratio is taken from the spectral radius of next-generation matrix (NGM) [6] . Therefore, we will construct the NGM for ODE system given in (1) .
Let define X = [I I t ] T , with T denotes transpose. We will write the infection form from sub-compartment I(t) and I t (t) in the form oḟ
The square matrix Λ and Ψ are corresponds to transmission and transition rate of compartment I(t) and I t (t) of the system (1), respectively. Both of these matrices are evaluated at the disease free equilibrium (2) . From system
The next generation matrix is given by (see [8] for more details)
with
The next generation matrix (NGM i,j ) represents the number of new infected person in column j generated by one infected person in row i during infection period of person in column i. For example, NGM 2,1 represents the number of new I t generated by due portion in I during the infection period of I. Basic reproductive ratio (R 0 ) is taken from spectral radius of NGM (4) which is given by the roots of characteristic polynomial
In a special case, where no medical mask intervention applied to the model, then the autonomous system in (1) will reduce to standard SIR model with the basic reproductive ratio given by
which is equivalent when we substitute u = 0,ω = 0,p = 0, δ = 0 in to (5) .
With this definition (6) , therefore in special case we have
Local Stability in Disease Free Equilibrium Point
Local stability of the disease free equilibrium can be observed in Jacobian matrix of (1) around disease free equilibrium (2) . The jacobian matrix of system ( (1)) is given by (7)
There are six eigen values of Jacobian matrix above, given by
and other two eigen values are taken from the roots of the characteristic polynomial
Here, c 1 and c 2 are positive, while c 0 is not in simple form to show. Hence, the other two eigen values of (7) are negative if and only if c 0 also positive. Therefore, we have R 0 < 1.
Therefore, the disease free equilibrium is locally stable if and only if R 0 < 1. Sensitivity analysis for several level set of R 0 between the rate of medical mask use (u) and drop-out rate (δ) is given in fig. (2) . With δ = a ω , then with constant value of a, larger δ will reduce R 0 better. This is because larger δ require smaller worsening effect ω or in other meaning, the treatment will be counterproductive for larger value of ω. Therefore, we need proper balance between portion of u and δ to suppress the basic reproductive ratio. Parameter value used in previous simulation could be seen in table 1.
Optimal Control Problem
To simplify the written form, let X = {S, S t , I, I t , R, R t }. Consider the SIR model in (1) as a state equations with initial condition X(0) = X 0 . We will design the rate of medical mask use u(t) and also minimize the objective functional given by (11) with constants weight ω I ,ω It , ω u is the cost coefficients. The main purpose of this model is minimizing the infected person during t = 0 to t = T and also minimizing the cost for medical mask use. As a beginning, we introduce the Lagrangian
The adjoin system is given byż i = ∂L ∂X i (13) for i = 1, 2, 3, 4, 5, 6 with X i represent susceptible, treated susceptible, infectious, treated infectious, recovered and treated recovered states respectively. In this condition, we take Z(T ) = 0. The equations of adjoin are provide by
The characterization of control variable u(t) is derived when
Therefore,
subject to the lower and upper bounds of u(t). With (16), the characterization of control u(t) became
with d is the upper bound of u(t). We solve the optimality system with an iterative method, forward to solving the state system and backward for adjoin system. Initial start for control at first iteration is given and updated for the next iteration until the optimality condition was reached. Another implementation of optimal control problem in other contagious disease discussed in [1, 2] .
Numerical Simulation
In this section, we will show some numerical results for selected data. We used the value for each parameter given in table 1. With the parameters in table 1, the basic reproductive ratio before treatment R * 0 is 0.99. To balance the cost functional (11), we take ω I = 10, ω It = 20, and ω u = 10 6 . The first numerical simulation is shown with the initial condition where infected population are relatively small which is shown in table 2, let call this as case 1. In fig. (3) , we have shown that with medical mask intervention depend on time, the use of medical mask succeed to reduce total number of infected compartment and increase total number of susceptible compartment. The use of medical mask change on time depend on the number of infected person. Rate of medical mask decrease following the decreasing number of infected person.
The second case simulated when the infected population already in a high number like shown in table 2. It is shown in fig. (4) , the medical mask intervention should be given higher than in the case (1) to reduce the infected population. As a comparison, cost function for case (1) is 20775 while case (2) is 38147. With this intervention, the infected population could be reduced.
The last simulation is shown with different worsening effect parameter ω, i.e 0.5 and 0.9 (we use initial condition from case 1) . Fig. (5) show that higher ω, then the medical mask use should not given in high portion. With higher worse effect, the medical mask use will make infected people spend time much longer than usual in infected compartment, therefore the infection period in whole population became much longer. As a consequence, the population in infected compartment with medical mask use is only slightly different if compare with infected compartment. 
Conclusion
We modeled the transmission of swine flu disease with SIR model and intervention with medical masks in a whole population as an optimal control problem. The problem is to develop an optimal control problems with the aim of minimizing the cost function and also minimize the infected population. The basic reproductive ratio is shown analytically as a spectral radius of next-generation matrix when the control variable is assumed constant. From the simulation, it can be seen that the use of mask was success to reduce the infected population. When the worsening effect is sufficiently large, the use of treatment control is not effective anymore as shown in fig. (5) .
